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Problem 16.6

There is a small flaw in Example 16.1 (page 686). In Equation (16.14) I omitted a constant of
integration, so the equation should really have read f(z) — g(x) = k. Show that this still gives the
same final answer (16.15).

Solution

The aim is to solve the wave equation for a string with a certain shape initially that’s released
from rest. Skip to page 3 to get on with the problem.
0?u  ,0%
Z o _Re
ot? Ox?’
u(z,0) = uo(z)

ou

—00 < x <00, —00<t<0

Because it needs to be solved over the whole line (—oco < = < 00), the method of operator
factorization can be applied here. Bring both terms to the left side.

Ou a0

ot? ¢ 0z

Write the left side as an operator applied to u.

92,0
(87520&%2)“:0

The operator is a difference of squares, so factor it.

0 0 0 0

=0

If we set

then equation (1) becomes

As a result of using the method of operator factorization, the wave equation has reduced to a
system of first-order PDEs, which can each be solved with the method of characteristics.

Ou  du _
ot ‘oz "
ov_ v _,
ot Ca:ri

Since v = v(x,t) is a two-dimensional function, it’s differential is defined as

ov ov
dv = adt + %dx.
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Dividing both sides by dt yields the fundamental relationship between the total derivative of v
with respect to t and its partial derivatives.

dv_ v dzy
dt ot dt dx
Along the characteristic curves in the tx-plane defined by

d
—=c @(0)=¢ (2)
where £ is a characteristic coordinate, the PDE for v reduces to an ODE.
dv
— =0 3
7 (3)
Integrate both sides of equation (2) with respect to .

r=c+& — E=zx—ct
Now solve for v by integrating both sides of equation (3) with respect to t.

v(&,t) = f(8)
Here f is an arbitrary function of £. Now that v is known, change back to the original variables.
v(z,t) = f(z — ct)
Consequently, the PDE for w is

ou ou
% Sop = f(x —ct).

Similar to v, the relationship between the total derivative of u with respect to ¢t and its partial
derivatives is

du B Oou dxdu

at ot ' dtor
Along the characteristic curves in the tz-plane defined by

d
d—j =—c, z(0)=n, (4)
where 7 is another characteristic coordinate, the PDE for u reduces to an ODE.
d
— = fl@—ct) (5)
Integrate both sides of equation (4) with respect to t.

r=-ct+n — n=x+ct
Use this result to eliminate z from equation (5)

du

= f(—2ct
o = (=2t +m)
Solve for u by integrating both sides with respect to ¢.

u(n,t):/ f(=2¢cs +n)ds + G(n)
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Here G is another arbitrary function. Evaluate the integral, noting that the integral of an
arbitrary function is another arbitrary function.

u(n,t) = F(=2ct + 1) + G(n)
Now that v is known, change back to the original variables.
u(z,t) = F(z — ct) + G(x + ct)

The general solution to the wave equation over the whole line is the sum of a wave travelling to
the right and a wave travelling to the left. Differentiate it with respect to t.

ou 0 0

pri aF(m —ct) + aG(m + ct)
=F'(z - ct)aat(:z —cat)+ G (z+ ct)aat(x + ct)
=F'(z—ct)(—c)+ G'(z + ct)(c)

= —cF'(x — ct) + cG'(x + ct)
Apply the initial conditions now to determine F and G.
u(z,0) = F(x) + G(z) = uo(x)
ou y p
a(x,()) = —cF'(z) +cG'(z) =0
Differentiate both sides of the first equation, and divide both sides of the second equation by c.
F'(x) + G'(z) = up() (6)
—F'(2)+G'(z) =0 (7)
Add the respective sides of equations (6) and (7) to eliminate F’(x).
2G' (x) = ug(x)

Divide both sides by 2.

Integrate both sides with respect to .
1
G(l’) = in(fL‘) + Cl
Subtract the respective sides of equations (6) and (7) to eliminate G'(z) instead.
2F"(x) = up(z)

Divide both sides by 2.
F'(z) = Sup(z)

www.stemjock.com



Taylor Classical Mechanics - Problem 16.6 Page 4 of 4

Integrate both sides with respect to x.
1
F(.ZL‘) = 5'&0(33) + CQ

These formulas for F'(z) and G(x) are really formulas for F(w) and G(w), where w is any
expression we wish.

Flw) = Juo(w) + G

Gluw) = Juo(w) + O

In the formula for u(x,t), we need F(z — ct) and G(x + ct).
1
F(x —ct) = iuo(x —ct)+ Cy
1
Gz +ct)= §U0($ +ct)+ Cy
So then
u(z,t) = F(x —ct) + G(x + ct)

1 1
= §u0(x —ct) + Cg} + [QUO(x +ct) + Cy

1
= i[UO({L‘ — Ct) + UO(IL‘ + Ct)] + 01 + Cz.

In order for u(z,0) = up(x) to be satisfied, it’s necessary to set C; + Cy = 0. Therefore,

u(z,t) = %[uo(w — ct) + uo(x + ct)].

What this means is the initial waveform splits into two waves with half the amplitude, one
moving to the right with speed ¢ and the other moving to the left with speed c.
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